The purified SASE (pSASE) undulator configuration recently proposed at SLAC promises an increase in the output spectral density of XFELs. In this article we study a straightforward implementation of this configuration for the soft x-ray beamline at the European XFEL. A few undulator cells, resonant at a subharmonic of the FEL radiation, are used in the middle of the exponential regime to amplify the radiation, while simultaneously reducing the FEL bandwidth. Based on startto-end simulations, we show that with the proposed configuration the spectral density in the photon energy range between 1.3 keV and 3 keV can be enhanced of an order of magnitude compared to the baseline mode of operation. This option can be implemented into the tunable-gap SASE3 baseline undulator without additional hardware, and it is complementary to the self-seeding option with grating monochromator proposed for the same undulator line, which can cover the photon energy range between about 0.26 keV and 1 keV.
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Introduction
This article discusses the potential for enhancing the capability of the soft x-ray (SASE3) beamline at the European XFEL which will be operated in the photon energy range between 0.26 keV and at least 3 keV. A high level of longitudinal coherence is the key to upgrade the baseline performance.
Self-seeding is a promising approach to significantly narrow the SASE bandwidth and to produce nearly transform-limited pulses [1] - [20] . The implementation of this method in the soft x-ray wavelength range necessarily involves gratings as dispersive elements. A grating monochromator, which can be installed in the SASE3 undulator without perturbing the electron focusing system can cover the spectral range between about 0.26 keV and 1 keV [18] - [19] .
One of the main technical problems for self-seeding designers is to provide a high level of longitudinal coherence in the photon energy range between 1 keV and 3 keV. In this range, proposals exist to narrow the SASE bandwidth at the European XFEL by combining self-seeding and fresh bunch techniques. However, this requires installing additional hardware in the undulator system [21, 22] . Here we explore a simpler method to reach practically the same result without further changes in the undulator system. The solution is based in essence on the purified SASE (pSASE) technique recently proposed at SLAC [23] , and naturally exploits the gap tunability of the SASE3 undulator.
In the pSASE configuration, a few undulator cells resonant at a subharmonic of the FEL radiation, called altogether the "slippage-boosted section", are used in the high-gain linear regime to reduce the SASE bandwidth. The final characteristics of a pSASE source are a compromise between high output power, which can be reached with a conventional SASE undulator source resonant at the target wavelength, and narrow bandwidth, which can be reached with harmonic lasing [24] - [28] .
Here we demonstrate that it is possible to cover the energy range between 1.3 keV and 3 keV using the nominal European XFEL electron beam parameters, and to reduce the SASE bandwidth by a factor 5, still having the same output power as in the baseline SASE regime. Note that the slippage-boosted section is tuned to a subharmonic (the fifth, or the seventh) of the FEL radiation. Therefore, the choice of the lowest pSASE photon energy considered in this article, 1.3 keV, is dictated by the minimal photon energy (0.26 keV) that can be reached in the conventional SASE regime.
Setup description
Let us consider the SASE3 undulator configured in pSASE mode as proposed in [23] 2 . The operation of this setup can be understood from Fig. 1 . Suppose that two high-gain FEL amplifiers based on the same tunable-gap undulator start from shot noise and generate SASE radiation at the same target frequency. The undulator system of the first amplifier is tuned to operate more fleshed out in [23] . Using the LCLS-II parameters as an example, in [23] was shown that, with the proposed pSASE configuration, the temporal coherence and spectral brightness of a SASE FEL can be significantly enhanced.
at this target frequency as the fundamental harmonic, Fig. 1(a) . The undulator system of the second amplifier in Fig. 1(b) is tuned, instead, to operate at the same target frequency lasing at an harmonic of the fundamental, a mode of operation called "harmonic lasing" [24] - [28] . Harmonic lasing is possible once the growth of the radiation at the fundamental frequency, which is now a sub-harmonic of the target frequency, is suppressed, for example by properly tuning the phase shifters after each undulator section. The first FEL amplifier, operating at the fundamental harmonic, is capable of generating SASE radiation with a high-power level at saturation, but with a relatively wide spectrum. The second amplifier, operating in harmonic-lasing mode produces a narrower bandwidth instead, but also a lower level saturation power [28] . Let us now consider a third configuration where, instead of using harmonic lasing up to saturation, one exploits it as an active filter in the linear regime. This configuration, illustrated in Fig. 1(c) is a pSASE configuration. In this case, at saturation one can reach both a high-power level and a narrow spectrum. We will qualitatively explain the reasons for these effects further on in this section.
A schematic layout of the proposed pSASE configuration for the SASE3 undulator at the European XFEL is illustrated in Fig. 2 . Following [23] , the undulator consists of three parts, U1, U2, and U3. The first undulator part U1 is resonant at the target FEL frequency ω 1 = ω 0 , and is used to produce standard SASE radiation in pulses with central frequency ω 0 . The length of U1 is chosen in such a way that U1 operates in the linear high-gain regime. The SASE radiation and the electron beam then enter the second undulator part U2, which is made resonant at the nth subharmonic of the target FEL frequency ω 1 = ω 0 /n by properly increasing the undulator parameter. In the slippage-boosted section U2 the SASE radiation is amplified through the harmonic interaction, while its bandwidth is simultaneously reduced.
The narrow bandwidth radiation is finally amplified to saturation in the last undulator part, U3, which is resonant again at frequency ω 1 = ω 0 as in U1. With this configuration, the FEL reaches a high-power level with significantly reduced radiation bandwidth. The main purpose of U2 is indeed to reduce the SASE bandwidth. Operating U3 at the same frequency as U1 makes the saturation power of the SASE FEL essentially the same as in the nominal SASE configuration, which allows one to increase the output spectral brightness.
We optimized our setup based on start-to-end simulations for the nominal electron beam with 100 pC charge at 10.5 GeV. At the longitudinal position corresponding to the maximum current value, 5 kA, the electron bunch has a normalized emittance of about 0.2 µm, and an energy spread of about 2 MeV [29] . Simulations were performed with the help of the Genesis code [30] . We first modeled the performance of the high-gain FEL amplifiers described in Fig . 3 shows the comparison of gain curves for these two modes of operation at a photon energy of 2 keV. For the harmonic lasing case, the right plot in Fig. 3 , the SASE3 undulator is tuned to the 7th harmonic. The undulator K value is tuned to produce radiation with the same frequency as in the case of lasing at the fundamental, as is illustrated in the left plot of the same figure. These simulations clearly demonstrate the possibility of producing narrow bandwidth radiation in the harmonic lasing mode. When tuned to the 7th harmonic of the undulator, the FEL amplifier is characterized by a bandwidth that is about 5 times narrower than in the case of lasing at the fundamental.
The left and right plot in Fig. 4 respectively show the dependence of the radiation power on the undulator length in the saturation regime. It is clearly seen from these plots that the saturation power of the FEL operating in the harmonic lasing mode is about ten times lower than in the fundamental lasing mode. It is seen from these plots that the shape of the power curves at saturation is different. In other words, the high harmonic nonlinear mode of operation differs significantly from that of conventional FEL operation. Simulations show that in our case of interest, this fact is mainly related to the influence of the electron beam energy spread (2 MeV) on the nonlinear amplification process. The effect of the energy spread on the harmonic lasing mode is much stronger than on the fundamental lasing mode. Another issue to keep in mind is that in practical situations the gain length is comparable in both FEL amplifier configurations. It is well-known that the bandwidth of conventional FEL amplifier ∆ω/ω ∼ 1/N w , where N w is number of undulator periods per gain length 3 , l g . Fig. 4 illustrates the fact that N w is comparable in both configurations. However, we estimated from Fig. 3 that in the harmonic lasing mode the frequency bandwidth is about an order of magnitude narrower than in the case of lasing at the fundamental.
The reason for these combined effects on bandwidth and saturation power can be qualitatively explained as follows. Let us consider the interaction of an electron beam with a co-propagating electromagnetic wave in a planar undulator in terms of the exchange of energy between electron and field. For simplicity we consider an electromagnetic wave, linearly polarized along the x direction and a single electron oscillating in the x direction as well. The exchange of energy is proportional to the scalar product between the transverse velocity of the electron, which has only the x-component v x ∼ cos(k w z) (where k w = 2π/λ w and λ w is the period of the planar undulator), and the electric field of the wave, which has only the x-component as well,
If an effective energy exchange between electron and field has to be provided, the scalar product between the electric field and the electron velocity,
should be kept nearly constant along the undulator 4 , i.e synchronism should be provided. The rate of change of the phase ψ = (k w + ω/c)z − ωt for an electron moving along the undulator axis with velocity v z (z) can be written as
In the our case of interest, the longitudinal velocity of the electron v z is close to the speed of light, v z ≃ c. Due to the electron wiggling inside the planar undulator, the longitudinal velocity
is an oscillatory function of z according to
Since v x is proportional to cos(k w z) and cos 2 (k w z) = [1 + cos(2k w z)]/2, the function 1/v z (z) oscillates as twice the undulator period. Hence the phase oscillates as twice the undulator period too. In order to deal with such periodical wiggling, one can use the Anger-Jacobi expansion
Using this relation we obtain
where
where γ is the relativistic Lorentz factor, and K is the dimensionless undulator parameter, related to the undulator period λ w and to the undulator peak magnetic field
The energy change of the electron along the undulator is proportional to E · vdz. The integrand does not contribute appreciably unless the arguments in the exponential, oscillating functions vanish. In other words, resonance condition requires the phase to be independent of z, and one obtains for m = 0, 1, ..: Let us now consider the two cases in Fig. 1(a) and Fig. 1(b) . In the first case, the target frequency coincides with the fundamental ω 0 = ω 1 , and Eq. (6) simply becomes
where γ is the relativistic Lorentz factor. In the second case, the target frequency coincides with the nth harmonic of the fundamental ω 0 = nω 1 , with n = 2m + 1, so that Eq. (6) becomes
By inspecting Eq. (7) and Eq. (8) it is straightforward to see that the quantity ω 0 (1 + K 2 n /2)/(2cγ 2 ) in Eq. (8) must be n times larger than the quantity
/2)/(2cγ 2 ) in Eq. (7), for the resonance condition to hold. In particular, in order to produce the same rate of phase change dψ/dz one needs, for example, a deviation from ω 0 or a deviation from γ that is n times smaller in Eq. (8), compared to Eq. (7). Let us now come back to our statement that the gain lengths in our two FEL amplifier configurations are comparable. It should be clear that the gain strongly depends on the rate of phase change, that is the detuning from resonance dψ/dz. It is important to realize that, similarly as the gain lengths, also the detuning bandwidths are comparable in the two FEL amplifier configurations under study. One qualitatively concludes that there must be a significant difference in frequency bandwidth and saturation power for the harmonic lasing mode compared to the fundamental lasing mode of FEL operation, as exemplified in Fig. 3 and Fig.  4 . Results of our simulations show that in order to operate in the deep linear regime, the number of cells in the undulator U1 should be equal to five. The output power and spectrum after the first undulator tuned to 0.6 nm is shown in Fig. 5 for a single shot realization. The length of the slippageboosted section U2 should be properly chosen to make sure that the FEL power at the fundamental wavelength is much lower than that at the chosen harmonic. This is possible because radiation at the fundamental wavelength starts from shot noise, while radiation at the target wavelength is seeded by the radiation produced in U1, and the seed power is much higher than the effective shot noise power. The output power and spectrum of fundamental and harmonic radiation pulse after the U2 undulator tuned to 4.2 nm are shown in the left and right plot of Fig. 6 . Since the FEL power at the fundamental wavelength of 4.2 nm, which is about 1 MW, is much lower than that at 0.6 nm, which is about 1 GW, phase shifters are not needed to suppress the lasing at fundamental harmonic.
The output undulator U3 consists of two sections. The first section is composed by an uniform undulator, the second section by a tapered undulator. Fig. 7 . Power and spectrum produced in the pSASE mode (top row) and in the standard SASE mode (bottom row) at saturation without undulator tapering. Scales of spectral energy density are the same for both cases. The purified pulse is exponentially amplified passing through the first uniform part of the output undulator. This section is long enough, 5 cells, in order to reach saturation, which yields about 50 GW power Fig. 7 (top row) . The radiation power profile and spectra for the SASE3 undulator beamline working in the nominal SASE mode is shown for comparison in Fig. 7 (bottom row). The power level for both modes of operation are similar, but the spectral density for the pSASE case is significantly higher than for the nominal SASE case. Finally, in the second part of the output undulator U3 Fig. 9 . Evolution of the output energy in the photon pulse as a function of the distance inside the output undulator U3 in the pSASE mode with tapering. Table 1 Parameters for the mode of operation at the European XFEL used in this paper.
Units
Undulator period mm 68
Periods per cell -73
Total number of cells -21
Intersection length m 1.1 Energy GeV 10.5
Charge nC 0.1 the purified FEL output is enhanced up to about 0.6 TW taking advantage of a taper of the undulator magnetic field over the last 9 cells after saturation. The output power and spectrum of the entire setup is shown in Fig. 8 . The evolution of the output energy in the photon pulse as a function of the distance inside the output undulator is reported in Fig. 9 . As one can see, the photon spectral density for the output TW-level pulse is about 30 times higher than that for the nominal SASE pulse at saturation.
FEL studies
In this section we present a more thorough feasibility study of the pSASE setup described in the previous section with the help of the FEL code Genesis 1.3 [30] running on a parallel machine. Results are presented for the SASE3 FEL line of the European XFEL, based on a statistical analysis consisting of 100 runs. The overall beam parameters used in the simulations are presented in Table 1 .
The nominal beam parameters at the entrance of the SASE3 undulator, and the resistive wake inside the undulator are shown in Fig. 10 , [29] . The evolution of the transverse electron bunch dimensions is plotted in Fig. 11 .
As it was previously remarked, the number of cells in the undulator U1 should be equal to five in order to optimize the final characteristics of the radiation pulse. The output power and spectrum after the first undulator tuned to 0.6 nm (the corresponding rms K value is 2.54) is shown in Fig. 12 for 100 runs. The average behavior is rendered in black. The radiation field is first dumped at the exit of U1, and then further imported in the Genesis code for simulating the 7th harmonic interaction in U2, which is resonant at a fundamental of 4.2 nm. Together with the radiation pulse, also electron beam file generated using the values of energy loss and energy spread at the exit of U1 is fed in the simulation of the second undulator part. The Genesis 7th harmonic field and particle file were downloaded at the exit of the U2 undulator and used as input file for the Genesis simulations of the U3 undulator. As explained in the previous section, the length of the booster U2 is chosen to make sure that the FEL power at the fundamental wavelength is much lower than that at the chosen harmonic. The output power and spectrum of fundamental and harmonic radiation pulse after the U2 undulator tuned to 4.2 nm (the corresponding rms K value is 7.16, and can be achieved by reducing the undulator gap), that is the seventh subharmonic, are shown in the left and right plot of Fig. 13 . Since the FEL power at the fundamental wavelength of 4.2 nm, which is about 1 MW, is much lower than that at 0.6 nm, which is about 1 GW), phase shifters are not needed to suppress the lasing at fundamental harmonic. Fig. 13 . SASE radiation power and spectrum at the exit of the second undulator part U2 (slippage-boosted section). The SASE radiation generated in U1 is purified in U2, which consists of 2 cells resonant at 4.2 nm. The fundamental radiation at 4.2 nm is seeded by shot noise. The harmonic radiation is seeded by that produced in U1. Top row: Results of numerical simulations for radiation at the fundamental produced in U2. Bottom row: Results of numerical simulations for harmonic radiation amplified in U2. Grey lines refer to single shot realizations, the black line refers to the average over a hundred realizations.
As explained in the previous section, the output undulator U3 consists of two sections. The first section is composed by an uniform undulator, the second section by a tapered undulator. The purified pulse is exponentially amplified passing through the first uniform part of the output undulator. This section is long enough, 5 cells, in order to reach saturation, which yields about 50 GW power Fig. 14 (top row) . The radiation power profile and spectra for SASE3 undulator beamline working in the nominal SASE mode is shown in Fig. 14 (bottom row) . As seen before, the power level for both modes of operation are similar, but the spectral density for the pSASE case is significantly higher than for the nominal SASE case. The size and divergence of the pSASE radiation pulse at saturation are shown in Fig. 15 (top row).
In the second part of the output undulator U3, the purified FEL output is enhanced up to about 0.6 TW taking advantage of a taper of the undulator magnetic field over the last 9 cells after saturation. The tapering law is shown in Fig. 16 . The output power and spectrum of the entire setup, at the exit of U3, is shown in Fig. 17 . The size and divergence of the pSASE radiation pulse at the exit of the setup including undulator tapering are shown in the bottom row of Fig. 15 . By inspection, one can see that the difference with the pSASE setup at saturation, shown in the top row of the same figure, is minimal. The evolution of the output energy in the photon pulse as a function of the distance inside the output undulator is reported in Fig. 18 . As reported in the previous section, the photon spectral density for the output TW-level pulse is about 30 times higher than that for the nominal SASE pulse at saturation.
Conclusions
We studied the simple scheme proposed in [23] to significantly enhance the spectral brightness of a SASE FEL with the help of numerical simulations. Using the parameters for the soft x-ray beamline SASE3 at the European XFEL we show, using the nominal electron bunch parameter set, that the SASE bandwidth at saturation can be reduced by a factor of five with respect to the proposed configuration of the baseline, variable gap SASE3 undulator, Fig. 2 . In addition to the example studied in [23] , the purified radiation after saturation is further significantly amplified (we report an order of magnitude increase in power) in the last tapered part of SASE3 undulator. With this configuration, a pSASE FEL reaches TW peak power level with significantly enhanced brightness (about two orders of magnitude) compared with the nominal SASE regime [31] . 
